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Abstract

This paper studies market incompleteness as an endogenous consequence of costly claim
creation. In a finite-state economy with common beliefs, mean-variance agents, zero-net-supply
risky claims, and a risk-free asset, the gross risk-sharing value of a tradable claim system depends
only on the residual payoff subspace it adds relative to the existing market span. This value is a
coordinate-free quadratic form in a valuation-dispersion operator. In the zero-cost benchmark,
the optimal residual basis is given by the leading eigenvectors of this operator, recovering the
optimal-security logic of frictionless risk-sharing design. Actual markets do not choose arbitrary
payoff directions. They choose verifiable, admissible contractual representations–indexes, swaps,
futures, insurance triggers, revenue shares, and other payoff rules–with representation-dependent
costs, distortions, and constraints. The paper’s central result is an endogenous-resolution thresh-
old: in an orthogonal residual dictionary, and in particular in the residual eigenbasis, a payoff
direction becomes tradable exactly when its marginal valuation-dispersion eigenvalue exceeds its
marginal representation and admissibility cost. This turns market creation into a costly-fidelity
problem: concentrated spectra justify high-resolution bespoke claims, while flat or low-value
tails favor coarse indexes, baskets, and standardized benchmarks. Technology is modeled as a
refinement of a verifiable information structure, and the mean-variance geometry is shown to
be the constant-curvature case of a local welfare theorem for general expected utility. The core
thesis remains: value lives on residual payoff subspaces; cost, admissibility, and implementation
failure live on contractual representations. Approximate indexing, dictionary selection, infras-
tructure under-entry, welfare wedges, and empirical market-birth predictions are consequences
of this spine.

Keywords: incomplete markets; financial innovation; security design; market design; transaction
costs; state-contingent claims; endogenous asset creation; market completeness; sparse approxima-
tion.
JEL codes: D47, D52, D53, D61, G12, G13, G18, L51.
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1 Introduction
Complete-markets theory asks what allocations would be possible if sufficiently many state-
contingent payoff directions were tradable. The benchmark is foundational, but it treats the
market span as part of the environment. In actual economies, payoff directions are not automati-
cally tradable. They must be specified, measured, verified, priced, collateralized, legally enforced,
distributed, cleared, and settled. A state-contingent claim becomes a market only when some
intermediary, platform, exchange, protocol, insurer, dealer, market maker, or public institution
finds it privately or socially worthwhile to instantiate that payoff rule.

This paper turns the set of tradable claims into the object of analysis. The core thesis is:

The economic value of a new market is span invariant, but the cost of implementing
that span is representation dependent. Markets are not merely missing claims; they are
missing low-cost bases for valuable residual payoff directions.

The distinction matters. A housing-risk exposure can be represented by an individual-home
derivative, a metropolitan price-index future, a real-estate ETF, an insurance contract, a mortgage-
linked security, or a swap on a regional benchmark. These instruments may span related payoff
directions, but their verification, legal, liquidity, and settlement costs differ radically. The relevant
economic object is not the label “future,” “ETF,” “insurance,” “swap,” or “event contract.” It is
the residual payoff subspace the instrument adds relative to already traded claims, together with
the cost of implementing that subspace.

The first contribution is a geometry of market-span value. Let X = L2
0(P) be the centered

payoff space and let H ⊆ X be the existing span of risky traded claims. Agents’ risk-sharing
motives generate a positive semidefinite valuation-dispersion operator Q. The welfare value of a
span is

W (H) =
1

2
tr(ΠHQ).

A candidate claim system G contributes only through its residual subspace

B(G | H) = col((I −ΠH)G) ⊆ H⊥.

The incremental surplus is
V (B | H) =

1

2
tr(ΠBQ).

This representation makes three facts immediate. First, a candidate system already spanned by
existing markets adds no risk-sharing value. Second, a nonzero residual payoff direction can still
be welfare-irrelevant if no agent has trade-generating valuation along it. Third, if implementation
were free and an institution could choose any m new payoff directions, the optimal missing-market
basis would be the leading eigenvectors of the residualized operator (I − ΠH)Q(I − ΠH). This
frictionless eigenbasis result should be read as a benchmark, not as the paper’s main novelty. The
paper’s contribution begins when those high-value directions must be implemented through costly,
verifiable, admissible, institutionally feasible claim forms.

The second contribution moves one layer upstream from payoff vectors to verifiable information.
A fact may be economically meaningful without being contractible. A technology/legal regime T
determines a sigma-algebra FT of state distinctions that can be observed, verified, enforced, and
admitted into contracts. The attainable payoff space is

XT = L2
0(FT ).
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Technology is therefore not merely a scalar that lowers cost. It can refine the contractible state
space. If FT ⊆ FT ′ , the gross value of the refinement is the value of the newly verifiable residual
subspace. This gives a formal version of the claim that sensors, APIs, audited data feeds, legal
templates, indexes, oracles, and settlement rails make new markets possible by making new state
distinctions contractible.

The third contribution is the costly-basis problem. Gross value is a property of subspaces;
implementation cost is a property of representations. Let ρ denote a contractual representation–a
payoff rule, legal form, data source, oracle, collateral rule, settlement convention, and venue–and
let π(ρ) be its payoff. For a residual subspace B, define the least-cost exact implementation

κ(B,H, T ) = inf
ρ: col((I−ΠH)π(ρ))=B

C(ρ,H, T ),

where T is a technology vector. Private entry requires

ϕBV (B | H) > κ(B,H, T ) + ΨB,

while social entry requires
V (B | H)− κ(B,H, T )− EB > 0.

The inequality is the entry comparison. The paper’s substantive objects are the two sides of that
comparison: a residual projection functional that depends on the current market span, and a
least-cost envelope over admissible contractual bases.

The fourth contribution is a disciplined model of endogenous market resolution. A finite dictio-
nary of candidate representations generates a market set M and therefore a span H(M). Adding
one claim changes the residual value of other claims. Claims are payoff substitutes when they span
overlapping residual directions. They are cost complements when they share oracles, data stan-
dards, legal templates, collateral conventions, clearing systems, or distribution. For an orthogonal
dictionary, the listing rule is explicit: include a direction when its marginal valuation-dispersion
term exceeds its marginal representation and admissibility cost. Applied to the residual eigenba-
sis, the rule says that the resolution at which an economy prices itself is set where the residual
eigenvalue tail crosses marginal implementation cost. Concentrated spectra support bespoke, high-
fidelity claims; flat or low spectra make coarse indexes and standardized baskets privately and
socially optimal. The general market set is a fixed point or, for a platform or planner, the solution
to a penalized projection problem:

max
M⊆J

ϕV (spanDM | H)−
∑
j∈M

cj −Ψ(M).

This nests market listing, index construction, and sparse basis selection.
The fifth contribution is institutional. Many missing markets are missing not because the

individual residual directions have no value, but because the first entrant must build infrastructure
that later claims use. A corrected infrastructure-under-entry result uses cluster surplus

W (H+ span{gj : j ∈ J})−W (H)

rather than summing overlapping one-claim surpluses. This avoids double-counting and explains
why public data, legal templates, benchmark construction, or platform provision can be socially
valuable even when no single claim can privately pay the fixed cost.

The paper deliberately avoids the claim that more markets are always good. Falling claim-
creation costs can increase the dimension of the tradable span while reducing welfare if high-
externality claims cross the private threshold first. The policy object is therefore not simply “market
versus no market,” but claim-level governance: allow, standardize, subsidize, tax, margin, restrict,
or prohibit.
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Reader’s map and hierarchy

The paper is organized around a hierarchy of results. The core theorem spine is deliberately short:
theorem 4.1 values a market span using the operator Q, theorem 4.3 gives the frictionless optimal
residual basis, theorem 10.9 states the endogenous-resolution threshold, and theorem 7.1 gives the
local expected-utility extension. Around those the paper records several useful projection facts—
proposition 4.6 and lemma 4.13—whose role is to keep the geometry coordinate-free, not to carry
the novelty by themselves. The substantive contribution is proposition 10.5: gross surplus lives
on residual payoff subspaces, while implementation cost, admissibility, and failure modes live on
contractual representations. The upstream verifiability layer, propositions 5.1 and 5.3, explains
how technology changes which state distinctions are contractible.

The main economic mechanisms are approximate bases and indexing (propositions 9.3 and 9.4
and example 9.5), endogenous market resolution (corollary 10.8 and theorem 10.9), finite-dictionary
market design (propositions 10.7 and 10.11), and infrastructure under-entry (proposition 12.1).
These show how the abstract geometry becomes finance: benchmarks, templates, oracles, legal
forms, collateral conventions, and distribution rails determine which residual payoff directions are
actually implemented and at what fidelity.

The consequences are private-social wedges, admissible completion frontiers, and empirical
market-birth predictions. Fat-tailed proliferation is kept as an appendix-level companion result,
while synthetic liquidity is left to Paper 2, so that the first paper remains a theory of costly resid-
ual basis selection rather than a general manifesto about financial innovation. Heterogeneous beliefs
are treated as a scope boundary for the welfare claims and as a companion-paper frontier, because
disagreement changes the interpretation of trading gains.

2 Related Literature and Positioning
The paper is closest to several literatures. The novelty is not that markets are incomplete, not that
financial innovation exists, and not that security design matters. The novelty is the combination
of residual span value, representation-dependent implementation costs, technology-specific cost
compression, and private-social admissibility wedges.

Closest-literature wedge. A skeptical reader may ask whether this is simply security design
with transaction costs. The answer is narrower and more precise. Prior work studies which assets
are created and how securities expand risk sharing. This paper isolates an invariant that is often
implicit: gross market-completion value lives on residual payoff subspaces, while implementation
cost lives on contractual representations. The gap between those two objects is the costly-basis
problem.

Complete and incomplete markets. Arrow and Debreu’s complete-markets framework gives
a benchmark in which commodities can be indexed by state and date, and competitive equilibrium
can be studied in a specified commodity space (Arrow and Debreu, 1954; Debreu, 1959). Radner’s
sequential equilibrium formulation studies plans, prices, and price expectations when markets are
sequential and securities are traded over time (Radner, 1972). The incomplete-markets literature
studies equilibrium and welfare once the asset structure is given, including the possibility that
incomplete markets can be constrained inefficient (Hart, 1975; Geanakoplos et al., 1990; Magill
and Quinzii, 1996). This paper asks a prior institutional question: which payoff directions become
tradable at all?
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Transaction costs and institutional boundaries. Coase explained the boundary between
markets and firms by the cost of using the price system (Coase, 1937). This paper moves the
same logic inside finance. Some exposures remain inside firms, households, insurers, bilateral
contracts, collateralized lending relationships, government programs, and informal norms because
transforming them into tradable state-contingent claims is too costly.

Information and price discovery. Hayek emphasized the price system as a mechanism for
aggregating dispersed knowledge (Hayek, 1945). Grossman and Stiglitz showed that perfectly infor-
mationally efficient markets are inconsistent with costly information acquisition because informed
traders must be compensated (Grossman and Stiglitz, 1980). Hirshleifer showed that information
can reduce social risk-sharing opportunities when it arrives before trade (Hirshleifer, 1971). The
present paper asks an even earlier question: before asking how informative a price is, one must ask
whether that price exists. Costly information production affects not only price accuracy but market
existence, and the timing of information affects whether better data creates markets or destroys
insurance value.

Financial innovation and security design. This is the closest prior literature. Allen and Gale
study financial innovation and risk sharing (Allen and Gale, 1994); Duffie and Rahi survey financial
market innovation and security design in incomplete markets (Duffie and Rahi, 1995); Pesendorfer,
Demange and Laroque, Ohashi, Hara, and Bisin study endogenous innovation, incomplete asset
structures, and security design in general equilibrium environments (Pesendorfer, 1995; Demange
and Laroque, 1995; Ohashi, 1995; Hara, 1995; Bisin, 1998). Athanasoulis and Shiller derive optimal
risk-sharing securities using eigenvectors of transformed income-variance objects (Athanasoulis and
Shiller, 2000, 2001). The eigenbasis result below is therefore best understood as the frictionless zero-
cost benchmark within this paper’s notation. The contribution is not the broad claim that assets are
endogenous, nor the claim that eigenvector-based optimal securities are new. It is the pairing of a
residual-subspace value functional, invariant to contractual basis, with a representation-dependent
implementation-cost envelope.

Financial innovation under disagreement and private incentives. The common-beliefs
baseline below gives the surplus formulas a welfare interpretation. With heterogeneous beliefs,
new assets may support risk sharing, information aggregation, or speculation. Simsek shows that
financial innovation can increase speculative variance under belief disagreement and that a profit-
seeking market maker may introduce speculative assets that raise portfolio risk (Simsek, 2013).
Carvajal, Rostek, and Weretka show that private innovation incentives can leave markets incomplete
even when innovation is essentially costless (Carvajal et al., 2012). These papers discipline the
interpretation of the private-entry condition: cheap market creation is not automatically welfare-
improving, and surplus capture is itself an institutional object.

Macro markets, factor structure, market design, and sparse approximation. Shiller’s
macro-markets agenda argues that societies lack markets for large aggregate risks and proposes insti-
tutions to manage them (Shiller, 1993). Ross’s arbitrage pricing theory motivates a low-dimensional
factor view of risky payoffs (Ross, 1976). Market design studies how institutions can be engineered
when prices alone do not perform all allocation tasks (Roth, 2015). The costly-basis problem also
has a mathematical analogy to sparse approximation and dictionary selection (Natarajan, 1995):
market creation can be written as choosing a costly dictionary of payoff directions to approximate
high-value residual valuation factors.
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Recent security design and algorithmic selection. Recent surveys emphasize that security
design spans classic corporate finance, intermediation, fintech, sustainability, and health-care fi-
nance (Allen and Bărbălău, 2024). Recent mechanism-design work derives optimal securities for
risk-averse investors from primitive constraints (Gershkov et al., 2025). This paper differs by ask-
ing when designed payoff directions become market-wide tradable subspaces under verifiability and
representation costs. On the algorithmic side, the dictionary-selection problem connects to approx-
imate submodularity and sparse approximation: when the residual payoff dictionary is sufficiently
well conditioned, greedy listing rules can have approximation guarantees (Das and Kempe, 2018).

What is new. Prior work endogenizes securities, studies security design, and shows that in-
complete markets matter. This paper abstracts from many general-equilibrium complications to
isolate a canonical geometric decomposition. The gross value of a candidate market is a function
of the residual payoff subspace it spans. The market form that appears is the cheapest admissible
representation of that subspace. This distinction makes it possible to say when a new instrument
adds market-completion value, when it is merely a re-basing of existing span, why indexes often
arrive before bespoke claims, why infrastructure is underprovided, and how technology-specific cost
shocks create predictable market-birth waves.

Literature Core object This paper’s additional object

Arrow-Debreu allocations with complete
contingent commodity markets

creation of the claim span
itself

Radner and incomplete
markets

equilibrium for a given asset
structure

endogenous movement of the
asset structure

Coase firm-market boundary under
transaction costs

tradable-claim boundary under
claim-creation costs

Financial innovation/security
design

endogenous securities and risk
sharing

residual-subspace value plus
representation-cost envelope

Shiller macro markets institutions for large untraded
risks

selection criterion for which
risks get private or public
markets

Market design rules for allocation and
exchange

payoff rules as admissible,
costly market objects

Sparse approximation costly basis/dictionary
selection

economic interpretation as
claim creation

3 Finite-State Environment

3.1 States, payoffs, and covariance geometry

Let Ω = {1, . . . ,K} with common probability P(ω) > 0 for all states. A payoff is a vector x ∈ RK .
Define

E[x] =
∑
ω∈Ω

P(ω)x(ω), x̃ = x− E[x]1.

The risk-free payoff 1 is available. Since constants can be transferred through the risk-free asset,
risky payoff directions live in the centered Hilbert space

X = L2
0(P) =

{
x ∈ RK : E[x] = 0

}
8



with inner product and norm

⟨x, y⟩ = E[xy], ∥x∥2 = E[x2].

For a subspace H ⊆ X , let ΠH be the orthogonal projection and H⊥ its orthogonal complement.
In finite states, all subspaces are closed and all projections are well-defined.

3.2 Matrix and normalization conventions

The paper uses the covariance inner product throughout. If R = (r1, . . . , rm) is a residual claim
system, write R(ω) = (r1(ω), . . . , rm(ω))⊤. For x ∈ X ,

R⊤x ≡ E[R(ω)x(ω)] ∈ Rm, ΣR ≡ R⊤R ≡ E[R(ω)R(ω)⊤] ∈ Rm×m.

Equivalently, if the columns of the K×m matrix R are payoff vectors and D = diag(P(1), . . . ,P(K)),
then R⊤x means R′Dx and R⊤R means R′DR. A residual basis need not be orthonormal. Normal-
ization is handled by ΣR in coordinates or by the projection Πcol(R) in coordinate-free statements.
Span value therefore does not depend on units, labels, leverage, or invertible changes of basis.

Assumption 3.1 (Baseline maintained assumptions). Unless otherwise stated, the model uses
common beliefs P, centered risky payoff directions with a risk-free asset available, zero-net-supply
risky claims, mean-variance certainty equivalents, frictionless trading within the existing span H,
and finite states. Heterogeneous beliefs and positive net supply are treated as extensions in the
appendix.

Residual terminology. This paper uses payoff residual for the component of a candidate claim
not spanned by existing markets:

rg = (I −ΠH)g.

It uses valuation-residual surplus for the risk-sharing value of the residual payoff subspace, weighted
by valuation dispersion:

V (span{rg} | H) =
1

2
⟨ug,Qug⟩ , ug = rg/ ∥rg∥ .

when rg ̸= 0. Thus payoff novelty and market-completion value are different objects. A claim
can be payoff-residual relative to H but have little value if agents do not have dispersed marginal
valuations along that direction. The companion synthetic-liquidity paper uses hedging residual for
the risk left after a dealer hedges factor exposures. The shared projection language is useful, but
the objects should not be conflated.

3.3 Agents and existing markets

There are agents a = 1, . . . , A. Agent a has endowment Wa ∈ RK , risk aversion γa > 0, and
mean-variance certainty equivalent

Ua(c) = E[c]− γa
2

Var(c).

Let θa = 1/γa denote risk tolerance and Θ =
∑

a θa. Let H ⊆ X denote the span of existing risky
traded claims. Given H, agent a can choose a centered payoff transfer za ∈ H. Feasibility requires

A∑
a=1

za = 0.
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Consumption under existing markets is

cHa =Wa + zHa ,

where (zHa )a is the competitive risk-sharing allocation over H under zero net supply. Under common
beliefs and the quadratic/CARA-normal environment, the competitive allocation over a given span
coincides with the planner’s allocation subject to

∑
a za = 0. This is why the surplus formulas

below have a welfare interpretation in the baseline.
Define the Riesz representation of agent a’s marginal valuation over risky payoff directions:

Ya = −γaW̃a ∈ X , Ȳ =

∑
a θaYa
Θ

, Za = Ya − Ȳ .

For x ∈ X , the risk part of the directional derivative of Ua(Wa + tx) at t = 0 is ⟨Ya, x⟩. Thus
Ya is not an asset payoff; it is the Riesz vector representing the agent’s marginal willingness to
receive payoff in each state. The risk-tolerance-weighted common component Ȳ affects prices but
not zero-net-supply risk-sharing gains. The trade-generating vector is Za.

3.4 The valuation-dispersion operator

Define the positive semidefinite operator Q : X → X by

Q =

A∑
a=1

θaZa ⊗ Za, (Za ⊗ Za)x = Za ⟨Za, x⟩ .

This is the paper’s canonical value-side object: it records the directions in which agents’ marginal
valuations differ after risk-tolerance weighting. Then, for any subspace B ⊆ X ,

tr(ΠBQ) =
∑
a

θa ∥ΠBZa∥2 .

The operator Q is the sufficient statistic for risk-sharing value in the common-beliefs mean-variance
baseline. It compresses all endowments and risk tolerances into a finite-dimensional object whose
eigenvectors are the highest-value directions of missing risk-sharing.

Remark 3.2 (When Q is fixed). The comparative statics below treat Q as fixed while the market
span changes. In the finite-state mean-variance baseline with common beliefs, fixed endowments,
and zero-net-supply risky claims, this is the relevant local value-side sufficient statistic after friction-
less trade in the inherited span H. In richer environments, new markets can change information,
endowments, participation, beliefs, or risk tolerances; then Q should be interpreted as a local operator
evaluated at the pre-entry allocation, or replaced by the appropriate post-entry valuation-dispersion
object.

Lemma 3.3 (Rank of welfare-relevant risk). The valuation-dispersion operator satisfies

rank(Q) ≤ min{K − 1, A− 1}.

Proof. The operator’s range is contained in span{Z1, . . . , ZA} ⊆ X , so its rank is at most K − 1
and at most the dimension of the span of the Za’s. Moreover,∑

a

θaZa =
∑
a

θa(Ya − Ȳ ) = 0,

so the A vectors are linearly dependent when all θa > 0. Hence the rank is at most A− 1.
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Remark 3.4. The Arrow-Debreu state space may have K−1 risky directions, but only the directions
in the range of Q have risk-sharing value in this baseline. A complete set of state claims is sufficient
for full risk sharing, but it is not necessary when the economically relevant valuation dispersion is
low-dimensional.

4 Risk-Sharing Value of a Market Span

4.1 Global value of an existing span

Theorem 4.1 (Risk-sharing value of a span). For any existing market span H ⊆ X , the maximum
aggregate certainty-equivalent gain from allowing zero-net-supply trades in H, relative to no risky
trade, is

W (H) =
1

2

A∑
a=1

θa ∥ΠHZa∥2 =
1

2
tr(ΠHQ).

The equilibrium risky transfer to agent a is

zHa = θaΠHZa.

Proof. Since expected aggregate consumption is unchanged by zero-net-supply centered trades,
aggregate expected utility changes only through covariance and variance terms. For transfers
za ∈ H with

∑
a za = 0, the aggregate certainty-equivalent gain is∑

a

{
⟨Ya, za⟩ −

γa
2

∥za∥2
}
.

Form the Lagrangian in H, with multiplier λ ∈ H for
∑

a za = 0:

L =
∑
a

{
⟨ΠHYa, za⟩ −

γa
2

∥za∥2
}
−

〈
λ,
∑
a

za

〉
.

The first-order condition is ΠHYa − γaza −λ = 0, so za = θa(ΠHYa −λ). Imposing
∑

a za = 0 gives
λ = ΠHȲ . Therefore zHa = θaΠH(Ya − Ȳ ) = θaΠHZa. Substitution into the concave quadratic
objective yields

W (H) =
1

2

∑
a

γa
∥∥zHa ∥∥2 = 1

2

∑
a

θa ∥ΠHZa∥2 =
1

2
tr(ΠHQ).

Remark 4.2 (Prices versus surplus). A common component of valuation moves prices but not zero-
net-supply trading surplus. Surplus comes from dispersion in residual marginal valuations, weighted
by risk tolerance.

4.2 The frictionless optimal missing-market basis

If claim creation were free and an institution could choose any m additional payoff directions,
the optimal span has a closed-form characterization. This is the paper’s benchmark result. It
recovers, in the present residual-payoff notation, the optimal-security/eigenvector logic associated
with Athanasoulis and Shiller’s risk-sharing design work (Athanasoulis and Shiller, 2000, 2001).
The costly-basis contribution starts after this benchmark: actual institutions cannot list arbitrary
eigenvectors of valuation dispersion; they must choose contract forms, data, oracles, legal wrappers,
collateral rules, and venues.
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Theorem 4.3 (Frictionless optimal residual basis). Fix an existing span H ⊆ X and let

QH = (I −ΠH)Q(I −ΠH)

be the residual valuation-dispersion operator on H⊥. Let its eigenvalues on H⊥ be ordered

λ1 ≥ λ2 ≥ · · · ≥ 0.

Among all m-dimensional residual subspaces B ⊆ H⊥, the maximum incremental surplus is

max
B⊆H⊥

dimB=m

V (B | H) =
1

2

m∑
ℓ=1

λℓ,

where
V (B | H) =W (H+B)−W (H) =

1

2
tr(ΠBQ).

Any span of m eigenvectors associated with the m largest residual eigenvalues is optimal.

Proof. Because B ⊆ H⊥, ΠBQ has the same trace as ΠBQH. Therefore the problem is

max
dimB=m

tr(ΠBQH).

This is the Ky Fan maximum principle for a symmetric positive semidefinite operator. The maxi-
mum is the sum of the largest m eigenvalues and is attained by the corresponding eigenspace.

Corollary 4.4 (Value gap of a realized span). If the realized market expansion has residual dimen-
sion m and residual span B, its basis inefficiency relative to the frictionless best m-dimensional
expansion is

Gm(B | H) =
1

2

m∑
ℓ=1

λℓ −
1

2
tr(ΠBQ) ≥ 0.

This gap measures the loss from implementing an institutionally cheap basis rather than the fric-
tionless high-value basis.

Remark 4.5 (Why this theorem matters). The theorem gives a canonical benchmark. It says
what an omniscient, zero-cost market designer would span first. The result is a market-completion
analogue of principal components analysis: the frictionless missing-market basis is spectral, while
the actual implemented basis is chosen from costly, admissible contractual representations. The
theorem itself is a benchmark, not the main claim of novelty; the economic contribution is the
wedge between this benchmark and the costly basis selected in real institutions.

4.3 Incremental value of a candidate residual subspace

Let G be a K ×m matrix of candidate risky claim payoffs, with columns centered in X . Relative
to an existing span H, define the residual claim matrix

G⊥ = (I −ΠH)G

and its residual subspace
B(G | H) = col(G⊥) ⊆ H⊥.

The gross incremental value of adding G is

SG(H) =W (H+B(G | H))−W (H).

Because B(G | H) ⊥ H, ΠH+B = ΠH +ΠB.
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Proposition 4.6 (Coordinate-free incremental surplus). The gross incremental risk-sharing sur-
plus from adding candidate claim system G to existing span H is

SG(H) =
1

2

A∑
a=1

θa
∥∥ΠB(G|H)Za

∥∥2 = 1

2
tr(ΠB(G|H)Q).

In particular, SG(H) = 0 if and only if ΠB(G|H)Za = 0 for all agents with positive risk tolerance.
A sufficient condition is B(G | H) = {0}, i.e. every candidate payoff is already spanned by existing
markets.

Proof. By theorem 4.1,

SG(H) =
1

2

∑
a

θa

(
∥ΠH+BZa∥2 − ∥ΠHZa∥2

)
.

Since B ⊆ H⊥, the projections onto H and B are orthogonal and ΠH+B = ΠH + ΠB. The
Pythagorean theorem gives the first expression. The trace expression follows from the definition of
Q.

Remark 4.7 (Zero residual versus zero value). If B(G | H) = {0}, the candidate system is
redundant and adds no value. The converse is not logically necessary: a nonzero residual direction
can have zero risk-sharing value if no agent has residual valuation for it. Market incompleteness is
therefore not the same as welfare-relevant incompleteness.

4.4 Equilibrium pricing and trading of a residual claim system

Let R = (r1, . . . , rm) be a full-rank basis for a residual subspace B ⊆ H⊥. Let

ΣR = R⊤R = E[R(ω)R(ω)⊤]

be its covariance matrix under the convention in Section 3.2. Full rank means ΣR is positive
definite. If agent a buys qa ∈ Rm units of R at price vector p ∈ Rm, the incremental final payoff is
q⊤a R− q⊤a p1. Conditional on the existing allocation, define the residual valuation vector

ba(R | H) = E[R]− γaCov(c
H
a , R).

In the centered common-beliefs baseline, E[R] = 0. Because R ⊥ H and zHa ∈ H, this can be
written as ba = R⊤Ya.

The next lemma is the load-bearing step behind the exact additive decomposition. Existing
trade moves each agent’s allocation inside H; residual claims lie in H⊥. Under the constant-
curvature baseline, those two facts imply that marginal valuations in residual directions can be
measured using the original valuation vectors Ya even after agents have already traded in H.

Lemma 4.8 (Residual valuations after existing trade). Let R ⊆ H⊥ be centered. Then

ba(R | H) = R⊤Ya, p∗ = R⊤Ȳ , ba − p∗ = R⊤Za.

Thus the local price/demand formula below is the coordinate version of the global span-value formula.

Proof. Since R is centered, E[R] = 0. Since zHa ∈ H and R ⊥ H, Cov(zHa , R) = 0. Hence

ba = −γaCov(Wa, R) = R⊤(−γaW̃a) = R⊤Ya.

The expression for p∗ follows by risk-tolerance averaging, and ba − p∗ = R⊤(Ya − Ȳ ) = R⊤Za.

13



Remark 4.9 (Why the residual-valuation lemma matters). Lemma 4.8 is why W (H+B)−W (H)
can be computed by projecting the same operator Q onto B ⊆ H⊥. The existing market allocation
changes agents’ consumptions, but in the quadratic baseline it changes them only along directions
orthogonal to the new residual subspace. This is the technical heart of the clean additive formula;
it is also the step that becomes allocation- and metric-dependent once state-dependent curvature is
allowed.

Lemma 4.10 (Projection formula for a residual basis). Let R be full rank and let B = col(R). For
any z ∈ X ,

ΠBz = RΣ−1
R R⊤z, ∥ΠBz∥2 = (R⊤z)⊤Σ−1

R (R⊤z).

Proof. The projection ΠBz has the form Rα. Orthogonality of z − Rα to the columns of R gives
R⊤(z −Rα) = 0. Since R⊤R = ΣR, α = Σ−1

R R⊤z. Substitution gives both displayed formulas.

The incremental certainty-equivalent gain is

∆a(qa; p) = q⊤a (ba − p)− γa
2
q⊤a ΣRqa.

Proposition 4.11 (Incremental equilibrium and surplus). Suppose R is full rank and introduced
in zero net supply. Then the unique linear-demand equilibrium has

qa(p) = θaΣ
−1
R (ba − p), p∗ =

∑
a θaba
Θ

,

with equilibrium positions
q∗a = θaΣ

−1
R (ba − p∗).

Gross incremental surplus is

SR(H) =
1

2

∑
a

θa(ba − p∗)⊤Σ−1
R (ba − p∗).

This matrix formula equals the coordinate-free expression in proposition 4.6.

Proof. Agent a’s objective is a strictly concave quadratic in qa. The first-order condition gives

ba − p− γaΣRqa = 0,

so qa(p) = θaΣ
−1
R (ba − p). Market clearing requires

∑
a qa(p) = 0, hence

Σ−1
R

(∑
a

θaba −Θp

)
= 0,

which implies p = p∗. Substituting the optimized value of a quadratic objective gives

max
q

{
q⊤(ba − p)− γa

2
q⊤ΣRq

}
=
θa
2
(ba − p)⊤Σ−1

R (ba − p).

Summing over agents at p = p∗ gives the surplus formula. Finally, by lemma 4.8, ba − p∗ = R⊤Za.
Applying lemma 4.10 with z = Za gives

∥ΠBZa∥2 = (ba − p∗)⊤Σ−1
R (ba − p∗),

which proves equivalence with proposition 4.6.
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Corollary 4.12 (One-claim formula and corrected two-agent sign). For a single residual claim
h ∈ H⊥, let σ2h = Var(h), τa = (γaσ

2
h)

−1, and ba = ba(h | H). Then

p∗ =

∑
a τaba∑
a τa

, Sh(H) =
1

2

∑
a

τa(ba − p∗)2.

For two agents, define ∆b = b1 − b2. Then

q∗1 = −q∗2 =
∆b

(γ1 + γ2)Var(h)
, Sh(H) =

(∆b)2

2(γ1 + γ2)Var(h)
.

Thus the higher-valuation agent buys the residual claim.

4.5 Residual and basis invariance

Lemma 4.13 (Residual span and basis invariance). Let G be any candidate claim matrix and let
R = (I −ΠH)G. Then

SG(H) = SR(H).

If rank(R) = 0, then SG(H) = 0. If R has full column rank and A ∈ Rm×m is invertible, then

SRA(H) = SR(H).

Thus gross risk-sharing surplus depends only on the residual subspace col((I − ΠH)G), not on the
contractual basis used to represent it.

Proof. First, H + col(G) = H + col((I − ΠH)G), so adding G and adding R generate the same
expanded payoff span. Hence they have the same W -increment. If rank(R) = 0, then H+col(G) =
H, so the increment is zero. If A is invertible, col(RA) = col(R), so proposition 4.6 gives SRA = SR.
In coordinates, ΣRA = A⊤ΣRA, ba(RA) = A⊤ba(R), and the quadratic form is unchanged.

Remark 4.14 (The quotient-space object). The invariant object is the equivalence class of a
payoff system modulo the existing span, i.e. its image in X/H. The orthogonal representative is
(I−ΠH)G ∈ H⊥. This is the standard marketed-subspace equivalence in incomplete-markets theory
(Magill and Quinzii, 1996): asset structures with the same span have the same frictionless allocation
possibilities. The paper’s contribution is not this invariance by itself. It is the wedge created when
gross value descends to the residual subspace while implementation cost remains attached to the
contractual representation.

5 Verifiable Information and Contractible Payoffs
The preceding section treats the payoff space X as if all state distinctions were, in principle, con-
tractible. That is the right geometry once payoffs are available, but it starts one layer too late.
A contract cannot condition on a fact merely because the fact is economically meaningful. It can
condition only on facts that are observable, verifiable, enforceable, and admissible.

In finite states, a sigma-algebra is equivalent to a partition of Ω. If two states lie in the same
atom of a verification partition, no admissible contract under that technology regime can distinguish
them. Let FT denote the sigma-algebra of facts contractible under technology/legal regime T and
define

XT = L2
0(FT ) = {x ∈ X : x is FT -measurable}.

Thus T is not just a scalar that lowers costs. It determines which state distinctions can enter payoff
rules.
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Proposition 5.1 (Value of a verification refinement). Fix an inherited market span H ⊆ X .
Suppose FT ⊆ FT ′, so that regime T ′ weakly refines the verifiable information structure. Let
XT = L2

0(FT ) and XT ′ = L2
0(FT ′). The gross value of the refinement, before representation costs,

is
∆W (T → T ′ | H) =

1

2
tr
([
ΠH+XT ′ −ΠH+XT

]
Q
)
≥ 0.

It is strictly positive if and only if the newly verifiable residual subspace

(H+ XT ′)⊖ (H+ XT )

has nonzero projection of some trade-generating valuation vector Za.

Proof. Because FT ⊆ FT ′ , XT ⊆ XT ′ and hence H + XT ⊆ H + XT ′ . Apply theorem 4.1 to the
two spans and subtract. For nested subspaces, the difference of the projections is the projection
onto the orthogonal complement of the smaller subspace inside the larger one, so the trace with
the positive semidefinite operator Q is nonnegative. Strict positivity is exactly the condition that
some Za has a nonzero component in the newly available subspace.

Remark 5.2 (Financial innovation as verifiable-state refinement). Indexes, parametric triggers,
benchmark methodologies, credit scores, oracles, audited data feeds, public registries, and settlement
rails can all be understood as ways of refining FT . They do not merely lower a generic cost;
they make new state distinctions contractible. The slogan becomes: financial innovation is costly
refinement of the verifiable state space.

Proposition 5.3 (Optimal measurable approximation). Let x ∈ L2(P) be an ideal target payoff
and let FT be the verification sigma-algebra. Among all FT -measurable payoffs y ∈ L2(FT ), the
unique L2 projection of x is the conditional expectation:

argminy∈L2(FT ) E[(x− y)2] = E[x | FT ].

The unavoidable basis risk under regime T is

x− E[x | FT ].

Proof. L2(FT ) is a closed linear subspace of L2(P). The orthogonal projection of x onto this
subspace is characterized by E[(x − y)z] = 0 for all z ∈ L2(FT ), which is precisely the defining
property of y = E[x | FT ].

Example 5.4 (Indexes as verification partitions). Suppose an individual-home payoff x depends
on house-level states, but courts, data vendors, and exchanges can verify only a metropolitan index
partition FT . Then the best contractible index payoff is E[x | FT ]. The residual x − E[x | FT ] is
not merely statistical error; it is noncontractible state variation under regime T . A later technology
that verifies house-level transactions refines FT and can convert some of that basis risk into tradable
span.

6 Information Timing and the Limits of Market Creation
The verification-refinement result is not a monotonic claim that more information always creates
more markets or more welfare. Timing matters. Information that becomes verifiable after agents
can contract can improve settlement and reduce basis risk. Information that is publicly revealed
before agents can trade can destroy insurance value by eliminating the uncertainty that made risk
sharing valuable in the first place. This is the Hirshleifer force: information can have private value
while reducing the social value of risk-sharing opportunities (Hirshleifer, 1971).
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Proposition 6.1 (Verification versus pre-trade revelation). Let x ∈ L2(P) be a risky payoff direc-
tion and let F be a public signal sigma-algebra. If agents can contract ex ante on an F-measurable
settlement rule before F is realized, the refinement can expand the attainable payoff space as in
proposition 5.1. If instead F is publicly revealed before agents can trade, the ex ante risk-sharing
value of claims on x is limited to the value of uncertainty remaining within the atoms of F . In
particular, if F fully reveals x, then no post-revelation zero-net-supply trade in x can insure the
revealed variation across atoms.

Proof. Before F is realized, an F-measurable contract transfers resources across future signal atoms.
After F is publicly realized, all agents condition on the realized atom and trades can only share
residual uncertainty within that atom. If x is fully F-measurable, its value is known after the signal,
so a claim on x is locally riskless conditional on the atom and cannot transfer resources across the
now-known states. Thus the cross-atom insurance value is available only to ex ante contracts.

Remark 6.2 (The AI prediction limit). AI and data infrastructure can create markets by making
settlement cheaper and state distinctions verifiable. They can also eliminate markets by revealing
idiosyncratic risk before pooling or trade occurs. Perfect pre-contract prediction of a house fire does
not deepen fire insurance; it turns the premium into the known loss. The market-creating version of
information is verifiability at settlement and better contract design. The market-destroying version
is public revelation before risk sharing.

7 Local Welfare Geometry Beyond Mean-Variance
The mean-variance baseline is deliberately transparent. It is not meant to claim that quadratic
utility is the only environment in which the geometry appears. The same projection logic is the
local quadratic approximation to a broad class of expected-utility economies.

Let cHa be the existing incomplete-market allocation and let ua be twice continuously differen-
tiable, increasing, and concave. Define the marginal utility process and local curvature process

ma(ω) = u′a(c
H
a (ω)), ha(ω) = −u′′a(cHa (ω)) > 0.

For a candidate residual subspace B, define the local quadratic welfare problem

W loc(B) = sup
za∈B,

∑
a za=0

∑
a

{
E[maza]−

1

2
E[haz2a]

}
.

Theorem 7.1 (Local expected-utility spanning value). For small feasible transfers za ∈ B around
cH, aggregate expected utility admits the expansion∑

a

E[ua(cHa + za)]−
∑
a

E[ua(cHa )] =
∑
a

{
E[maza]−

1

2
E[haz2a]

}
+ o

(∑
a

∥za∥2
)
.

Consequently, the local value of adding B is the concave quadratic program W loc(B). If ha(ω) = γa
is constant across states for each agent, then

W loc(B) =
1

2

∑
a

θa ∥ΠB(ma − m̄)∥2 = 1

2
tr(ΠBQ

loc),

where θa = 1/γa, m̄ =
∑

a θama/
∑

a θa, and

Qloc =
∑
a

θa(ma − m̄)⊗ (ma − m̄).
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Proof. The first display is the second-order Taylor expansion of each ua around cHa , integrated over
states. The remainder is uniform on finite Ω. The feasible local value is therefore the stated concave
quadratic program. When curvature is constant by agent, the proof of theorem 4.1 applies with Ya
replaced by ma and γa by the local curvature coefficient.

Remark 7.2 (What constant curvature buys). The local theorem does not imply that the single-
operator geometry survives unchanged under arbitrary expected utility. With state-dependent cur-
vature ha(ω), each agent’s welfare loss is measured in the curvature-weighted norm E[haz2a]. The
relevant orthogonality is then allocation-, agent-, and curvature-dependent rather than the common
L2(P) orthogonality used above. In general there need not be a single global operator Q, a single resid-
ual subspace independent of the traders, or an exact additive identity W (H+B) =W (H)+V (B | H).
Constant curvature is therefore not merely the case in which the local approximation is globally ex-
act; it is the case in which the common residual-subspace and single-Q representation exist in the
simple form used throughout the paper.

8 Spectral Geometry of Effective Incompleteness
The frictionless optimal-basis theorem gives more than a benchmark. It gives a spectral measure
of how incomplete an economy is in welfare-relevant directions.

Definition 8.1 (Effective incompleteness tail). Let λ1 ≥ λ2 ≥ · · · ≥ 0 be the eigenvalues of the
residual operator QH on H⊥. Define

Im(H) =
1

2

∑
ℓ>m

λℓ, deff(ε | H) = min {m : Im(H) ≤ ε} .

Proposition 8.2 (Effective completeness). After the best frictionless m-dimensional market expan-
sion, the maximum remaining risk-sharing value is Im(H). Hence an economy can be Arrow-Debreu
incomplete but effectively complete at tolerance ε if deff(ε | H) is small.

Proof. By theorem 4.3, the best m-dimensional residual expansion captures 1
2

∑m
ℓ=1 λℓ. The total

residual value is 1
2

∑
ℓ≥1 λℓ. Subtract.

Remark 8.3 (Why the spectrum matters). The spectral tail is not an additional piece of geometric
machinery. It is the economic object that measures how much risk-sharing value remains after the
best low-dimensional residual expansion. The empirical stability of an estimated residual basis is
addressed in section 19, where perturbation bounds matter for interpreting an estimated Q̂.

9 Approximate Bases, Indexing, and a Canonical Example
Real markets often do not implement exact individual risks. They implement cheap approximations:
indexes, baskets, triggers, benchmarks, standardized forms, and parametric rules. The theory
therefore distinguishes exact spanning from approximate spanning.

Definition 9.1 (Projection distance between subspaces). For subspaces B, B̃ ⊆ H⊥, define

d(B, B̃) =
∥∥ΠB −ΠB̃

∥∥
op
.

This is the sine of the largest principal angle between the two subspaces.
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Definition 9.2 (ε-implementation). Let ρ denote a claim representation system with centered
payoff matrix π(ρ) and implementation cost C(ρ,H, T ). A representation system ρ ε-implements a
target residual subspace B ⊆ H⊥ if

d
(
B, col((I −ΠH)π(ρ))

)
≤ ε.

The least cost of ε-implementing B is

κε(B,H, T ) = inf
ρ: d(B,col((I−ΠH)π(ρ)))≤ε

C(ρ,H, T ).

Exact implementation is ε = 0.

Proposition 9.3 (Continuity of residual surplus). Let B, B̃ ⊆ H⊥. Then∣∣∣V (B | H)− V (B̃ | H)
∣∣∣ ≤ 1

2
d(B, B̃) tr(Q),

where V (B | H) = 1
2 tr(ΠBQ).

Proof. For each Za,
∥ΠBZa∥2 −

∥∥ΠB̃Za

∥∥2 = 〈Za, (ΠB −ΠB̃)Za

〉
.

Taking absolute values and using the operator norm gives∣∣∣∥ΠBZa∥2 −
∥∥ΠB̃Za

∥∥2∣∣∣ ≤ d(B, B̃) ∥Za∥2 .

Multiply by θa/2 and sum. Since tr(Q) =
∑

a θa ∥Za∥2, the result follows.

Proposition 9.4 (When a cheap approximate basis dominates). Let B be a target residual payoff
subspace and B̃ an approximate implementation. Suppose private capture is ϕ, admissibility burdens
are ΨB,ΨB̃, and exact implementation costs are κ0(B,H, T ), κ0(B̃,H, T ). A private creator prefers
B̃ to exact implementation of B whenever

κ0(B,H, T )− κ0(B̃,H, T ) > ϕ
(
V (B | H)− V (B̃ | H)

)
+ΨB̃ −ΨB.

Proof. Compare private net values

ϕV (B̃ | H)− κ0(B̃,H, T )−ΨB̃

and
ϕV (B | H)− κ0(B,H, T )−ΨB.

Rearrangement gives the stated inequality.

Example 9.5 (A four-state index-versus-bespoke example). Let Ω = {1, 2, 3, 4} with uniform
probabilities. Let

h = (1, 1,−1,−1), n = (1,−1, 1,−1).

Then h, n ∈ X , ∥h∥ = ∥n∥ = 1, and ⟨h, n⟩ = 0. Think of h as a metro housing shock and n as
idiosyncratic neighborhood variation. There are two agents with risk tolerances θ1 = θ2 = 1 and
trade-generating valuation vectors

Z1 = L(h+ εn), Z2 = −L(h+ εn),
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where L > 0 and 0 < ε < 1. The exact bespoke direction is B = span{h + εn}; the cheap index
direction is B̃ = span{h}. Since Q = 2L2(h+ εn)⊗ (h+ εn),

V (B) = L2(1 + ε2), V (B̃) = L2.

The index loses only L2ε2 of surplus. If the exact representation costs cE and the index costs cI ,
the index is privately preferred when

cE − cI > L2ε2 +ΨI −ΨE

for ϕ = 1. Thus the first market may be a low-cost approximate basis, not the most precise claim.

Remark 9.6 (Why indexes arrive before bespoke claims). A metropolitan housing index may lose
some residual surplus relative to individual-home derivatives but save large verification, appraisal,
legal, liquidity, and dispute-resolution costs. Proposition 9.4 and example 9.5 give a precise condi-
tion under which the index appears first. Equivalently, private creators choose over a frontier of
(ε, κε) tradeoffs rather than over exact Arrow securities alone.

10 Costly Basis Selection

10.1 Representations, payoffs, and implementation costs

A payoff subspace can be implemented by many contractual representations. Let ρ denote a rep-
resentation: a legal form, payoff rule, oracle, settlement convention, collateral rule, venue, and
distribution technology. Let π(ρ) ∈ X denote the centered payoff generated by representation ρ. A
system of representations ρ = (ρ1, . . . , ρn) generates payoff matrix

π(ρ) =
(
π(ρ1), . . . , π(ρn)

)
.

Let T = (T1, . . . , TR) be a technology vector. Implementation cost is decomposed as

C(ρ,H, T ) = Cspec + Cdata + Cverify + Clegal + Ccomply

+ Ccustody + Ccollateral + Cprice + Cliq + Csettle + Cdispute + Cdist.

Each component may depend on the existing market span H, because existing claims can provide
hedge instruments, legal templates, collateral conventions, data standards, market-maker inventory
offsets, or distribution channels.

A minimal microfoundation for this reduced form is a task technology. Each representation ρ
requires a finite set of tasks E(ρ): writing the payoff rule, observing the underlying state variable,
verifying the trigger, enforcing the contract, computing margin, routing orders, clearing, and re-
solving disputes. Each task e has cost χe(T ) ≥ 0, with ∂χe/∂Tr ≤ 0 for technologies that automate
or standardize that task. Some tasks are shared across a cluster of claims and therefore have fixed
infrastructure costs. The reduced-form cost C(ρ,H, T ) should be read as the lower envelope of
these task costs, net of reusable infrastructure already present in H.

Remark 10.1 (Liquidity is a cost-side object here). The span-value theorems characterize the
welfare value of making payoff directions tradable. They do not by themselves prove that a market
will be deep or liquid. Liquidity provision, market-maker capital, inventory risk, collateral, and
hedgeability enter through Cliq, Ccollateral, and Cprice, and hence through the implementation envelope
κ.
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Definition 10.2 (Least-cost implementation of a residual subspace). For B ⊆ H⊥, define

κ(B,H, T ) = inf
ρ: col((I−ΠH)π(ρ))=B

C(ρ,H, T ),

with κ(B,H, T ) = +∞ if no admissible representation implements B.

Definition 10.3 (Representation fibers). Let R be the set of contractual representations and define

πH : R → Sub(X/H), πH(ρ) = col((I −ΠH)π(ρ)).

Two representations are payoff-equivalent relative to H if they lie in the same fiber π−1
H (B). Span

value descends to the base space of residual subspaces; costs live on the representation fiber. The
implementation envelope can be written

κ(B,H, T ) = inf
ρ∈π−1

H (B)
C(ρ,H, T ).

Remark 10.4 (Delivered payoffs). A representation may distort the intended payoff. Let x be
a target payoff and let Dρ be a delivery operator capturing default, oracle error, settlement delay,
dispute risk, legal uncertainty, margin calls, collateral haircuts, or manipulation. Then the relevant
residual span is generated by Dρx, not by the label on x, and the creator solves

V (col((I −ΠH)Dρx) | H)− C(ρ,H, T ).

This distinguishes contracts that reference the same exposure but deliver different state-contingent
payoffs.

Proposition 10.5 (Costly basis selection). For a residual subspace B, gross surplus V (B | H) is
invariant across all representations implementing B, while implementation cost is generally not. If
a private creator can capture fraction ϕB ∈ [0, 1] of gross surplus and faces admissibility burden ΨB,
then B is privately viable if and only if

ϕBV (B | H) > κ(B,H, T ) + ΨB.

A social planner facing externality cost EB finds B socially desirable if and only if

V (B | H)− κ(B,H, T )− EB > 0.

Proof. The surplus side follows from lemma 4.13: all representations with the same residual span
generate the same gross risk-sharing value. The cost side is minimized by definition 10.2. Private
and social viability are direct comparisons of benefits and costs.

Example 10.6 (Same span, different representation cost). Let two representations ρ1 and ρ2 im-
plement payoff systems with the same residual span B:

col((I −ΠH)π(ρ1)) = col((I −ΠH)π(ρ2)) = B.

Then V (B | H) is identical for both by lemma 4.13. If C(ρ1,H, T ) < C(ρ2,H, T ) and admissibility
burdens are the same, the private and social rankings both prefer ρ1. This is the simplest form of the
costly-basis wedge: two contracts can be economically equivalent in payoff space but very different
institutional objects.
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Missing risk direction Low-cost basis likely first High-cost basis delayed

Housing risk metro index future or ETF house-specific derivative
Weather risk parametric trigger indemnity contract requiring

loss adjustment
Creator income risk platform royalty share bespoke lifetime income swap
Small-business revenue standardized revenue-share

note
customized cash-flow
derivative

Labor-income risk occupation-region index individual wage-income claim
Climate risk satellite-triggered claim litigated loss-contingent

insurance

10.2 Dictionary selection and sparse market design

Let J = {1, . . . , N} be a finite dictionary of admissible representations. Candidate j has payoff
dj ∈ X , cost cj ≥ 0, admissibility burden ψj ≥ 0, and externality ej ≥ 0. For M ⊆ J , write

DM = {(I −ΠH)dj : j ∈M}, BM = spanDM ⊆ H⊥.

Proposition 10.7 (Market creation as penalized projection). If a platform can choose any subset
of the finite dictionary and captures fraction ϕ, its private market-creation problem is

Mpriv ∈ argmaxM⊆J

ϕ 1

2
tr(ΠBM

Q)−
∑
j∈M

cj −Ψ(M)

 .

A social planner’s analogue is

M soc ∈ argmaxM⊆J

1

2
tr(ΠBM

Q)−
∑
j∈M

cj − E(M)

 .

Thus endogenous market creation is a cost-weighted basis-selection problem over residual payoff
directions.

Proof. For any chosen set M , proposition 4.6 gives gross value 1
2 tr(ΠBM

Q). Additive claim costs
and set-level admissibility or externality terms yield the stated objectives.

Corollary 10.8 (Orthogonal dictionary threshold). Suppose the residualized dictionary vectors
d⊥j = (I − ΠH)dj are nonzero and mutually orthogonal, and define uj = d⊥j /

∥∥∥d⊥j ∥∥∥. If costs and
admissibility burdens are additive, then a private platform includes j independently if and only if

ϕ

2
⟨uj ,Quj⟩ > cj + ψj .

A social planner includes j independently if and only if

1

2
⟨uj ,Quj⟩ > cj + ej .
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Proof. With an orthonormal residual dictionary, ΠBM
=
∑

j∈M uj ⊗ uj . Therefore

1

2
tr(ΠBM

Q) =
∑
j∈M

1

2
⟨uj ,Quj⟩ .

The platform and planner objectives separate across j.

Theorem 10.9 (Endogenous market-resolution threshold). Let e1, e2, . . . be an orthonormal eigen-
basis of the residual valuation-dispersion operator QH on H⊥, with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ 0.
Suppose an admissible representation dictionary contains exact normalized implementations of these
residual directions, with additive private implementation costs cℓ, admissibility burdens ψℓ, and so-
cial externality costs χℓ. A private platform that captures fraction ϕ implements eigendirection ℓ
independently if and only if

ϕ

2
λℓ > cℓ + ψℓ.

A social planner implements eigendirection ℓ independently if and only if

1

2
λℓ > cℓ + χℓ.

Thus the resolution at which an economy prices residual risk is set by the crossing of the valuation-
dispersion spectrum and the marginal cost of implementing admissible representations.

More generally, if an exact target residual subspace B and a cheaper approximation B̃ are both
available, with private implementation costs κ(B) and κ(B̃), the approximation is privately preferred
whenever

κ(B)− κ(B̃) > ϕ
[
V (B | H)− V (B̃ | H)

]
,

with the analogous social comparison replacing ϕ by one and adding externality costs. The value-
loss term is controlled by proposition 9.3; hence coarse indexes, baskets, and benchmarks dominate
bespoke claims when their cost savings exceed the local spectral value they discard.

Proof. For the exact eigenbasis dictionary, corollary 10.8 applies with uℓ = eℓ and

⟨eℓ,Qeℓ⟩ = λℓ.

The private and social threshold inequalities follow immediately. For the approximation comparison,
subtract the private objective value of B̃ from that of B and rearrange:

ϕV (B̃ | H)− κ(B̃) > ϕV (B | H)− κ(B)

is equivalent to the displayed condition, suppressing common burdens. The continuity bound
supplies an upper bound on the value loss from replacing B by B̃.

Remark 10.10 (Resolution, not just listing). Theorem 10.9 is the rigorous counterpart of the
resolution metaphor. The zero-cost benchmark says which residual directions an omniscient market
designer would span first. The costly-basis threshold says how far down that spectrum actual institu-
tions go, and whether they implement a high-fidelity bespoke claim or a lower-cost approximation. A
concentrated residual spectrum justifies paying for precise state distinctions. A flat or low spectrum
makes coarse representations optimal even when the exact missing claim is imaginable.
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Proposition 10.11 (One-step marginal value of a nonorthogonal claim). Let M be an existing
dictionary set with span H(M) = H+BM . For a new candidate j /∈M , define the residual

rj(M) = (I −ΠH(M))dj .

If rj(M) ̸= 0, the gross one-step surplus from adding j is

Sj(M) =
1

2

〈
rj(M)

∥rj(M)∥
,Q

rj(M)

∥rj(M)∥

〉
.

If rj(M) = 0, then Sj(M) = 0.

Proof. Adding a single claim expands the span by the one-dimensional residual subspace generated
by rj(M). Apply proposition 4.6 with that one-dimensional subspace.

Remark 10.12 (Scale normalization). The normalized residual direction rj(M)/ ∥rj(M)∥ appears
because a one-claim market adds a subspace, not a unit of measurement. Multiplying a payoff by
a nonzero scalar changes its units and price, but not the residual span it adds. Margin, collateral,
tick-size, or contract-size effects belong in representation cost, not span value.

Remark 10.13 (No unconditional submodularity claim). A larger span mechanically lowers a can-
didate’s residual norm, but marginal surplus also depends on the direction of the remaining residual
relative to Q. Global submodularity of market creation is therefore not a general property of arbitrary
nonorthogonal dictionaries. Complementarity can enter through costs: shared oracles, benchmark
status, legal templates, collateral conventions, clearing infrastructure, distribution channels, and
market-maker balance sheets.

Definition 10.14 (Submodularity ratio). For a normalized, monotone set function F : 2J → R+,
define the submodularity ratio at scale (L, k) by

γL,k(F ) = min
S,T⊆J , |S|≤L, |T |≤k, S∩T=∅

∑
j∈T

(
F (S ∪ {j})− F (S)

)
F (S ∪ T )− F (S)

,

with the ratio interpreted as one when the denominator is zero.

Remark 10.15 (Algorithmic interpretation and companion result). A platform, exchange, or reg-
ulator need not solve the combinatorial basis-selection problem exactly. Under weak-submodularity
conditions, standard greedy guarantees imply that sequentially listing the largest marginal residual-
value claims is approximately disciplined (Das and Kempe, 2018). Without those conditions, greedy
listing is only a heuristic. Paper 5 develops the algorithmic-search version of this statement, in-
cluding hardness and greedy approximation guarantees; Paper 1 uses the submodularity ratio only
to clarify when the static residual-value objective is compatible with simple listing heuristics.

11 Endogenous Market-Set Equilibrium

11.1 Candidate claims and pairwise stability

Let J = {1, . . . , N} be a finite set of candidate representations. Candidate j has payoff gj ∈ X ,
capture share ϕj , admissibility burden Ψj , and cost Cj(M,T ) if created when the existing market
set is M ⊆ J . Define

H(M) = H0 + span{gj : j ∈M},
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where H0 is the inherited span. For j /∈M , define its marginal residual surplus

Sj(M) =W (H(M) + span{gj})−W (H(M)).

The private net value of adding j to M is

Πj(M ;T ) = ϕjSj(M)− Cj(M,T )−Ψj .

Definition 11.1 (Pairwise-stable market set). A market set M∗ ⊆ J is pairwise stable at technol-
ogy T if:
(i) for every j /∈M∗, Πj(M

∗;T ) ≤ 0;
(ii) for every j ∈M∗,

ϕjSj(M
∗ \ {j})− Cj(M

∗ \ {j}, T )−Ψj ≥ 0.

The first condition rules out profitable entry. The second rules out markets that would not be
viable if reconsidered without themselves. This is a local stability notion, not a universal existence
theorem.

Proposition 11.2 (Pure stability under an ordinal potential). Suppose there exists a function
Φ : 2J → R such that for every M ⊆ J and j /∈M ,

sign
(
Φ(M ∪ {j})− Φ(M)

)
= sign

(
Πj(M ;T )

)
,

and for every j ∈M , the sign of deleting j is the negative of the sign of adding j to M \ {j}. Then
any global maximizer of Φ is pairwise stable.

Proof. Let M∗ maximize Φ. If some j /∈ M∗ had Πj(M
∗;T ) > 0, then Φ(M∗ ∪ {j}) > Φ(M∗),

contradicting maximality. If some j ∈ M∗ violated the viability condition, then adding j to
M∗ \{j} would have negative private net value, so deleting j would increase Φ, again contradicting
maximality.

Remark 11.3 (Mixed equilibria). Under arbitrary strategic interactions among multiple creators,
pure stable sets need not exist. A finite entry game in which creators choose binary listing decisions
and receive finite payoffs has a mixed Nash equilibrium. The paper uses pairwise stability for
comparative statics but does not rely on universal pure-existence claims.

Proposition 11.4 (Residual norm weakly falls with a larger span). If H ⊆ H′ ⊆ X , then for every
candidate claim g ∈ X ,

∥(I −ΠH′)g∥ ≤ ∥(I −ΠH)g∥ .

Proof. ΠH′g is the best approximation to g in the larger subspace H′, while ΠHg ∈ H′ is feasible
in that approximation problem. Hence the residual distance to H′ is weakly smaller.

Remark 11.5 (Payoff substitutes, cost complements). Two claims are payoff substitutes when one
spans part of the other’s residual direction. They are cost complements when one lowers the other’s
implementation cost through shared data, legal templates, settlement rails, liquidity, collateral, or
distribution. A theory of financial innovation must keep these two channels separate.
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12 Private Under-Entry of Market Infrastructure
Some implementation costs are shared infrastructure costs. Let J ⊆ J be a cluster of claims
requiring common infrastructure I: an oracle, data standard, index methodology, legal template,
clearing rule, collateral convention, or settlement rail. Let F > 0 be the fixed cost of building I,
and let cj be claim-specific cost after I exists. Define the cluster residual subspace and cluster gross
surplus by

BJ = span{(I −ΠH)gj : j ∈ J}, ∆VJ = V (BJ | H) =W (H+BJ)−W (H).

This cluster definition avoids double-counting overlapping one-claim surplus.

Proposition 12.1 (Infrastructure under-entry without double-counting). Suppose that for every
j ∈ J , a first mover that must pay the full infrastructure cost is not privately viable:

ϕjV (span{(I −ΠH)gj} | H)− cj − F −Ψj < 0.

Suppose the cluster is socially valuable:

∆VJ −
∑
j∈J

cj − F − EJ > 0.

Then decentralized one-claim entry can fail even though infrastructure creation is socially efficient.
A platform that internalizes cluster surplus creates I whenever

ϕJ∆VJ −
∑
j∈J

cj − F −ΨJ > 0,

where ϕJ is the platform’s captured share of cluster surplus and ΨJ is the platform-level admissibility
burden.

Proof. The first inequality rules out every individual first mover. The second inequality is the
planner’s net surplus from creating the common infrastructure and the whole payoff span generated
by the cluster. Because ∆VJ is defined as the value of the union span, overlapping payoff directions
are counted only once. The platform condition is the corresponding private net value for an actor
that can capture surplus across the cluster.

Example 12.2 (Why cluster surplus is not the sum of one-claim surpluses). Let u, v ∈ H⊥ be
orthonormal and let

Q = λuu⊗ u+ λvv ⊗ v, λu ≥ λv > 0.

Consider two infrastructure-dependent claims g1 = u and g2 = u + εv. The individual one-claim
values are

V (span{g1} | H) =
λu
2
, V (span{g2} | H) =

1

2

λu + ε2λv
1 + ε2

.

Adding these values double-counts the common u direction. The cluster value is instead the value
of the union span. For ε ̸= 0,

V (span{g1, g2} | H) =
1

2
(λu + λv),

which is the correct object for deciding whether to build shared infrastructure.

Remark 12.3 (Constructive policy role). The result explains why socially valuable markets may
be absent even when many individual claims would be viable after standardization. Public data,
legal safe harbors, benchmark construction, and open settlement standards can be welfare-improving
infrastructure rather than subsidies to a single product.
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13 Dynamic Cost Complementarities and Tipping
Payoff overlap creates substitution in residual value, while shared infrastructure creates complemen-
tarity in costs. When cost complementarities are strong, the market frontier can exhibit tipping
and hysteresis.

Let
Cj(M,T ) = cj(T )− ηj(M),

where ηj(M) is the cost reduction from templates, data standards, settlement rails, liquidity, dis-
tribution, or collateral conventions already created by M .

Proposition 13.1 (Two-market tipping). Consider two candidate markets with identical captured
surplus ϕS and standalone cost c. Suppose each market reduces the other’s cost by η > 0 if it exists.
If

ϕS − c < 0 and ϕS − c+ η > 0,

then both the empty set and the two-market set are pairwise stable. Early infrastructure or coor-
dinated platform entry can move the economy from the low-market equilibrium to the high-market
equilibrium.

Proof. Starting from the empty set, either market would have negative private net value ϕS− c, so
no single entrant enters. If both markets exist, deleting either removes a market whose net value
conditional on the other is ϕS − c + η > 0, so neither is deleted. Thus both sets satisfy pairwise
stability.

Remark 13.2 (Hysteresis). A temporary subsidy, legal safe harbor, benchmark mandate, or pub-
lic data buildout can permanently change the market set if it creates infrastructure that makes
later private maintenance viable. This is distinct from the payoff-spanning channel: it is a cost-
complementarity channel.

14 Technology, Cost Compression, and Entry Waves
Let the cost of claim j have components indexed by r = 1, . . . , R:

Cj(M,T ) =

R∑
r=1

Cjr(M,Tr),
∂Cjr

∂Tr
≤ 0.

Define the private entry gap

∆j(M,T ) = ϕjSj(M)− Cj(M,T )−Ψj .

Proposition 14.1 (Component-specific cost compression). Holding residual surplus and admissi-
bility fixed,

∂∆j

∂Tr
= −∂Cjr

∂Tr
≥ 0.

Claims most likely to enter after an improvement in technology component Tr are those with high
residual surplus, low admissibility burden, and high cost exposure to component r.

Proof. Immediate from differentiating the entry gap.
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Technology improvement Main costs lowered First likely markets

Sensors, APIs, remote
measurement

data, verification parametric insurance,
supply-chain claims

Legal templates and safe
harbors

specification, legal, dispute revenue shares, royalties,
standardized notes

Risk engines and
market-making

pricing, liquidity, collateral factor-hedgeable long-tail
derivatives

Settlement and custody rails custody, settlement transferable, fractional,
tokenized claims

Agentic distribution distribution, attention,
specification

micro-hedges, household/SMB
contracts

Regulatory clarity admissibility, legal, compliance event contracts, new
derivatives

Proposition 14.2 (Entry time under exponential cost decline). Suppose a claim has fixed captured
surplus ϕjSj, fixed admissibility burden Ψj, and cost Cj(t) = Cj(0)e

−λjt. If ϕjSj ≤ Ψj, the claim
never becomes privately viable. If ϕjSj > Ψj, the entry time is

τj = max

{
0,

1

λj
log

(
Cj(0)

ϕjSj −Ψj

)}
.

Proof. Entry requires Cj(0)e
−λjt < ϕjSj−Ψj . Solve for t, imposing immediate entry if the inequal-

ity already holds at t = 0.

Remark 14.3 (Non-monotonicities). Individual viability is monotone in lower own cost, holding
other objects fixed. Equilibrium market count need not be monotone: a broad low-cost benchmark can
replace many narrow claims. Private welfare and social welfare need not be monotone either, because
entry can redistribute rents or create externalities. A safe monotone result requires cumulative entry
or no-delisting assumptions.

15 Welfare and Admissibility
For a residual subspace B, define private net value

PB = ϕBV (B | H)− κ(B,H, T )−Ψpriv
B

and social net value
W soc

B = V (B | H)− κ(B,H, T )− EB.

Here EB includes externalities such as privacy loss, coercion, manipulation, moral hazard, adverse
selection, addictive speculation, inequality, oracle fragility, and systemic-risk contribution.

Proposition 15.1 (Private-social wedge classification). Claims fall into four regions:
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Region Condition Policy implication

Privately viable, socially
valuable

PB > 0, W soc
B > 0 allow; standardize; perhaps

encourage
Privately viable, socially
harmful

PB > 0, W soc
B < 0 tax, margin, restrict, or

prohibit
Privately nonviable, socially
valuable

PB < 0, W soc
B > 0 subsidize, public provision,

mandate data standards
Privately nonviable, socially
harmful

PB < 0, W soc
B < 0 ignore or prohibit

Falling creation costs can increase market completeness while reducing welfare if claims with PB > 0
and W soc

B < 0 cross the private entry threshold.

Proof. The classification is the sign pattern of private and social net values. If a harmful claim has
PB cross from negative to positive as κ falls while W soc

B < 0, private entry occurs and social welfare
changes by W soc

B < 0.

Remark 15.2 (Claim-level regulation). The policy object is not a venue or technology in the
abstract. It is the claim’s payoff rule, externality profile, manipulability, privacy cost, collateral
requirement, and systemic-risk contribution.

Definition 15.3 (Admissible representation set). Let

Rad(T ) = Rver(T ) ∩RIC(T ) ∩Rprivacy(T ) ∩Rsystemic(T ) ∩Rlegal(T )

be the set of representations satisfying verifiability, incentive, privacy, systemic-risk, and legal con-
straints. The constrained social design problem is

max
ρ∈Rad(T )

{V (πH(ρ) | H)− C(ρ,H, T )} .

Proposition 15.4 (Scalar externalities as a reduced-form relaxation). Suppose a soft admissibility
screen is represented by violation functions vk(ρ) ≥ 0, where vk(ρ) = 0 means that representation ρ
satisfies constraint k. If a planner attaches shadow costs µk ≥ 0, then

E(ρ) =
∑
k

µkvk(ρ)

is a reduced-form penalty for relaxing the hard constrained problem in definition 15.3. The scalar
term EB in the wedge classification should therefore be read as a shorthand for externality and
constraint costs over representations that implement B, not as the primitive admissibility object.

Proof. Replacing hard membership in Rad(T ) by nonnegative violation penalties yields the dis-
played penalized objective. Taking the infimum of penalties over representations in a fiber π−1

H (B)
gives the corresponding reduced-form penalty for the residual subspace B.

16 Technology-Driven Completion and Its Limits
Let A(T ) be the set of admissible representations at technology level T :

A(T ) = {ρ : C(ρ, T ) <∞, Ψρ(T ) <∞, π(ρ) is verifiable and enforceable}.
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Define the attainable span

H(T ) = span{π(ρ) : ρ ∈ A(T )} ⊆ X .

Proposition 16.1 (Admissible completion frontier). If T ′ ⪰ T implies A(T ) ⊆ A(T ′), then

H(T ) ⊆ H(T ′) and dimH(T ) ≤ dimH(T ′).

Full Arrow-Debreu risk completeness in this finite-state setting requires H(T ) = X , so dimH(T ) =
K − 1. If privacy, manipulation, moral hazard, legal prohibition, unverifiability, or systemic-risk
constraints permanently exclude some payoff directions, then dimH(T ) < K − 1 for all feasible T .

Proof. Set inclusion of admissible representations implies span inclusion and hence weakly increas-
ing dimension. Full risk completeness requires spanning all centered state-contingent payoff direc-
tions. Permanent exclusions imply the attainable span is a strict subspace.

Proposition 16.2 (Actual span monotonicity under cumulative entry). Suppose markets, once
created, remain tradable; admissibility is stable; and the entry process at higher T can add claims
but does not delete existing payoff directions. Then the realized span H(M(T )) is weakly increasing
in T :

T ′ ⪰ T ⇒ H(M(T )) ⊆ H(M(T ′)),

and therefore dimH(M(T ′)) ≥ dimH(M(T )).

Proof. Under cumulative entry, M(T ) ⊆ M(T ′). Taking spans preserves set inclusion. Dimension
is monotone with subspace inclusion.

Remark 16.3. Without cumulative entry, market count can fall and even the realized span can
change non-monotonically. A broad benchmark can displace narrow claims; regulation can prohibit
a previously traded direction; a settlement technology can favor transferable but low-welfare claims.

17 Endogenous Exposures and Reflexive Claims
The baseline comparative statics hold the valuation-dispersion operator Q fixed while the market
span changes. That is the right local object for the theorem spine. In a dynamic economy, however,
new markets can change endowments, production choices, leverage, occupational choice, location
choice, information acquisition, and risk-taking. Then the risk-sharing operator itself becomes
endogenous.

Proposition 17.1 (Completion effect versus behavioral effect). Let W (H,Q) = 1
2 tr(ΠHQ). Sup-

pose a market innovation changes both the span from H to H′ and the valuation-dispersion operator
from Q to Q′. Then

W (H′,Q′)−W (H,Q) = 1

2
tr
(
(ΠH′ −ΠH)Q

)
+

1

2
tr
(
ΠH′(Q′ − Q)

)
.

The first term is the market-completion effect holding exposures fixed. The second term is the
behavioral or endogenous-exposure effect. More complete markets can reduce welfare if the second
term is sufficiently negative after accounting for moral hazard, leverage, adverse selection, or socially
excessive risk-taking.

Proof. Add and subtract 1
2 tr(ΠH′Q).
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Remark 17.2 (Markets can change the risk they price). Insurance can induce moral hazard; hedg-
ing can encourage concentration; liquid credit protection can change lending behavior; prediction
markets can affect the decision or event being predicted. A full dynamic theory should therefore
track (Ht,Qt, κt), not only Ht. The fixed-Q results are the local geometry; the endogenous-Q term
is where behavioral and general-equilibrium feedback enters.

Remark 17.3 (Reflexive underlyings). The paper usually treats a claim as a payoff function g :
Ω → R on an exogenous state space. Some markets are reflexive: the price or existence of the
market changes the underlying event. Credit spreads can affect financing, governance markets can
affect decisions, and public prediction markets can alter incentives. For such claims, admissibility
requires a stable price-to-state-to-payoff mapping, not merely a measurable payoff rule.

18 Common-Beliefs Scope
The baseline is intentionally common-beliefs. Under common beliefs, the surplus formulas above
measure risk-sharing gains. With heterogeneous beliefs, the same algebra gives perceived trading
surplus, but that object mixes risk sharing, speculation, information aggregation, and redistribution.
This distinction is not cosmetic. Under disagreement, cheaper claim creation can open valuable
information markets, but it can also open high-volume speculative directions whose private trading
gains are not social risk-sharing gains (Simsek, 2013). The common-beliefs baseline is therefore the
correct environment for the span-value welfare theorem. The heterogeneous-beliefs extension in
appendix A should be developed in the broader research program as a theory of when belief-driven
market creation is welfare-improving, merely redistributive, or harmful.

19 Empirical Predictions and Test Plan
The theory predicts market births when valuation-residual surplus is high and implementation costs
fall. The natural empirical unit is (g, d, t): claim form g, domain or exposure class d, and time t.
Let Ygdt = 1 if a market is born: first listing, exchange approval, sustained volume, ETF launch,
liquidity pool, standardized contract, insurance product, or legally enforceable traded claim.

The main empirical object should match the theory. Let

rgdt = (I −ΠHdt
)gdt

be the candidate payoff residual relative to already traded claims in domain d at time t, and let
ugdt = rgdt/ ∥rgdt∥ when rgdt ̸= 0. A theory-consistent one-dimensional value proxy is

V̂ res
gdt =

1

2

〈
ugdt, Q̂dtugdt

〉
.

Raw residual payoff novelty, such as 1 − R2 from projecting gdt on existing traded factors, is not
by itself residual span value. It is a screening measure for whether the candidate adds a payoff
direction. The value proxy must also measure valuation dispersion along that residual direction.

A reduced-form hazard specification is

Pr(Ygdt = 1) = Λ
(
β1V̂

res
gdt + β2PayoffResidualNoveltygdt − β3VerificationCostgdt

− β4LegalCostgdt − β5SettlementCostgdt − β6LiquidityCostgdt + β7Templategdt

+ β8DataAvailabilitygdt − β9AdmissibilityBurdengdt + µd + τt

)
.
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The most distinctive prediction is an interaction:

V̂ res
gdt ×VerificationShockdt.

A verification shock should create markets where valuation-residual surplus was high but measure-
ment was previously expensive. It should not create markets for already-spanned exposures, and
it should not create many markets for residual payoff directions with little valuation dispersion.

Theoretical object Empirical proxy

Payoff residual novelty 1−R2 or residual norm from projecting
candidate exposure onto existing traded factors

Valuation-residual surplus dispersion in marginal valuations, hedging
demand, forecasts, regional risk, or
balance-sheet sensitivity projected onto the
normalized residual direction; estimate
1
2

〈
ug, Q̂ug

〉
where possible

Verification cost sensor coverage, data APIs, auditability,
weather-station density, satellite observability

Legal cost standard contract availability, regulatory clarity,
approval route, jurisdictional enforceability

Settlement cost clearing access, custody infrastructure,
settlement lag, programmable rails

Liquidity cost factor hedgeability, inventory cost, bid-ask
proxies, correlated open interest

Infrastructure complementarity shared oracle, benchmark index, legal template,
collateral standard

Admissibility burden prohibitions, retail-access limits, privacy
exposure, manipulation sensitivity

Candidate empirical surfaces include:
1. futures and options listings, contract specifications, and exchange product filings;
2. ETF and thematic-product launches, index methodology changes, and fund closures;
3. private secondary-market contracts and tender-offer programs;
4. revenue-based finance and small-business cash-flow claims;
5. music royalty and creator-revenue markets;
6. insurance-linked securities and parametric insurance;
7. prediction markets and event contracts;
8. tokenized real-world assets and programmable settlement systems;
9. compute, energy, transmission, and demand-response markets;

10. DeFi and automated-market-maker pool creation.
Identification strategies include difference-in-differences around legal-template adoption, oracle

launches, satellite or sensor coverage expansions, exchange rule changes, settlement-rail introduc-
tions, and regulatory clarity events; event studies around data-standard releases; and survival
models of claim birth.
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19.1 Revealed spectral estimation

The reduced-form hazard model tests whether market births follow valuation-residual surplus and
cost shocks. A more structural empirical version treats QH as an object to be estimated. Market
births reveal inequalities of the form

Yjt = 1 ⇒ ϕj
1

2
tr(ΠBj(Mt)Q)− Cjt −Ψj > 0,

while nonbirths reveal the opposite inequality, subject to observability, strategic delay, and omitted
admissibility constraints. This suggests a revealed-preference estimator

Q̂ ∈ argminQ⪰0

∑
j,t

ℓ

(
Yjt, ϕj

1

2
tr(ΠBj(Mt)Q)− Cjt −Ψj

)
+ λ ∥Q∥∗ ,

where ∥Q∥∗ is the nuclear norm. Under cost identification, the target is not only to predict listings
but to recover the hidden residual spectrum of missing markets. Proposition 19.1 gives the stability
condition under which estimated missing-market bases are precise enough to interpret.

This structural interpretation requires cost identification. If Cjt and Ψj are unobserved, a mar-
ket birth cannot by itself distinguish a high-value residual direction from a low-cost representation.
Recovering Q therefore requires either measured cost and admissibility proxies, or exogenous vari-
ation in cost terms–for example an oracle launch, legal-template adoption, reporting-rule change,
exchange approval path, settlement-rail introduction, or collateral-standard shock–that moves im-
plementation cost while leaving the underlying valuation-dispersion object plausibly fixed. Without
such variation, the empirical claim should be stated more modestly: births test whether listing is
correlated with residual-value proxies and cost shocks, not that the hidden spectrum has been
structurally recovered.

Proposition 19.1 (Stability of an estimated residual basis). Let Q̂H be an estimated residual
valuation-dispersion operator and suppose∥∥∥Q̂H − QH

∥∥∥
op

≤ δ.

If ∆m = λm − λm+1 > 2δ, and P̂m and Pm are the top-m spectral projections of Q̂H and QH, then∥∥∥P̂m − Pm

∥∥∥
op

≤ 2δ

∆m
.

Thus an estimated missing-market basis is empirically interpretable only when the residual spectrum
has a gap large relative to estimation error.

Proof. This is the Davis–Kahan sin-theta theorem applied to the two symmetric operators. The
stated constant is a conservative version sufficient for the paper’s empirical interpretation (Davis
and Kahan, 1970).

20 Non-Obvious Implications
The theory yields implications that are not captured by the slogan “markets exist when benefits
exceed costs.”

1. The frictionless missing-market basis is an eigenbasis of residual valuation dispersion; the im-
plemented basis follows a cost threshold along that spectrum.
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2. The economy’s market resolution is set where marginal valuation-dispersion eigenvalues cross
marginal representation and admissibility costs.

3. Technology can create markets by refining the verifiable state space, not merely by lowering a
scalar implementation cost.

4. Better information can also destroy markets when it reveals risk before agents can contract to
share it.

5. The best coarse index for an unverifiable bespoke exposure is a conditional expectation with
respect to the verification partition.

6. An economy can be Arrow-Debreu incomplete but effectively complete if the residual eigenvalue
tail is small.

7. The same risk may become tradable under the cheapest basis, not the most natural description.
8. Market count and market span can diverge: many new products may add little span, while one

benchmark can add a lot.
9. Some financial innovation is re-basing: it repackages existing span without adding residual

risk-sharing value.
10. Standardization is basis compression: it lowers the cost of representing many adjacent payoff

directions.
11. Verification breakthroughs create discontinuous waves of market creation.
12. Broad indexes can displace bespoke claims while increasing welfare and span.
13. The largest raw exposures are not necessarily the most important missing markets; residual

exposure after projection onto existing claims is what matters.
14. Some socially valuable markets require subsidies because price discovery and risk-sharing ben-

efits are diffuse public goods.
15. Settlement technology alone favors transferable claims, not necessarily high-welfare claims.
16. Privacy and manipulation constraints can cap attainable completeness permanently.
17. Claims can be payoff substitutes and cost complements at the same time.
18. Liquidity fragmentation is less binding when many claims share hedgeable factor structure.
19. Regulation by venue is coarse; claim-level payoff rules and externalities are the welfare objects.
20. Falling transaction costs can create excessive markets as well as missing markets.
21. New markets can change the valuation-dispersion operator itself by changing behavior, leverage,

exposure choice, or information acquisition.
22. Reflexive claims require stable price-to-state-to-payoff mappings, not only measurable payoff

rules.
23. The market frontier is path dependent because early claims change both residual value and

implementation costs of later claims.
24. Market births and nonbirths can be read as noisy revealed-preference inequalities about the

hidden valuation-dispersion spectrum only when implementation costs are measured or shifted
by identifiable shocks.

21 Conclusion
The central object of this paper is not a security label but a payoff subspace. Complete-markets
theory asks what happens when the relevant state-contingent payoff directions are tradable. This
paper asks which state distinctions become verifiable, which payoff directions become tradable,

34



which contractual bases implement them, and how technology moves the boundary. In the fric-
tionless benchmark, the most valuable missing directions are the leading eigenvectors of residual
valuation dispersion. In real economies, only costly, verifiable, admissible representations of those
directions can become markets. The dimensionality of tradable risk is endogenous to the economics
of claim creation, and the resolution of the market system is set by the crossing of the residual
value spectrum and marginal representation cost.

The same framework also gives the limits. Information can arrive too early and eliminate
insurance value. Markets can change the exposures they price. Reflexive claims can alter their
own underlying states. Cheap market creation is therefore neither a monotone good nor a mere
proliferation story. It is a theory of when latent payoff directions become verifiable, valuable, liquid,
and admissible enough to be made explicit.
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A Heterogeneous Beliefs and Speculative Surplus
The baseline uses common beliefs so that S is a welfare-relevant risk-sharing surplus. With hetero-
geneous beliefs, trading gains mix risk sharing with disagreement.

Suppose agent a has probability Pa, mean Ea, and covariance matrix Σa,R = Vara(R). Define

ba(R | H) = Ea[R]− γaCova(c
H
a , R), Aa = (γaΣa,R)

−1.

Demand is
qa(p) = Aa(ba − p).

For a zero-net-supply derivative, the clearing price is

p∗ =

(∑
a

Aa

)−1(∑
a

Aaba

)
,

and perceived gross trading surplus is

Sperceived
R (H) =

1

2

∑
a

(ba − p∗)⊤Aa(ba − p∗).

This object need not equal social surplus under any planner’s probability measure. A paper that
begins with heterogeneous beliefs must specify whether disagreement gains are welfare, speculation,
information aggregation, or redistribution. The baseline therefore uses common beliefs and treats
heterogeneous beliefs as an extension.

B Additional Derivations

B.1 Positive net supply

If a new claim system R has exogenous net supply q̄ ∈ Rm, market clearing is
∑

a qa(p) = q̄. Under
common covariance ΣR, demand remains qa(p) = θaΣ

−1
R (ba − p). Clearing gives

Σ−1
R

(∑
a

θaba −Θp

)
= q̄,

so
p∗ =

∑
a θaba
Θ

− 1

Θ
ΣRq̄.

Zero net supply is the clean derivative case; positive net supply adds an issuance or capital-raising
component.

B.2 A planner’s exact first-order conditions

For a residual matrix R, the planner’s incremental problem is

max
q1,...,qA

∑
a

{
q⊤a ba −

γa
2
q⊤a ΣRqa

}
s.t.

∑
a

qa = 0.

The Lagrangian is
L =

∑
a

{
q⊤a ba −

γa
2
q⊤a ΣRqa

}
− λ⊤

∑
a

qa.

FOCs give qa = θaΣ
−1
R (ba − λ). Clearing gives λ = p∗. Hence competitive equilibrium implements

the planner’s incremental risk-sharing allocation under common beliefs and quasi-linear risk-free
transfers.
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B.3 A note on CARA-normal preferences

If terminal payoffs are jointly normal and agents have CARA utility ua(c) = − exp(−γac), certainty
equivalents are

CEa(c) = E[c]− γa
2

Var(c),

so all finite-dimensional formulas in the paper apply exactly. In finite non-normal states, mean-
variance utility should be read as a tractable quadratic approximation.

C Fat-Tailed Proliferation as a Companion Result
Rank candidate residual subspaces by captured private value Vj = ϕjSj = Aj−α with α > 0.
Suppose a common creation/admissibility threshold is Bt = Ct + Ψt. Claim j is viable when
Aj−α > Bt. Therefore the number of viable markets is

Mt = #{j ≤ n : Aj−α > Bt} ≈ min

{
n,

(
A

Bt

)1/α
}
.

If Ψt = 0 or is small relative to Ct, and

Ct = C0e
−λt,

then before saturation,

Mt ≈
(
A

C0

)1/α

eλt/α.

If there is an irreducible admissibility burden Ψ > 0, then

Mt ≈
(

A

C0e−λt +Ψ

)1/α

,

which plateaus at

M∞ =

(
A

Ψ

)1/α

.

This result belongs in the research program, not the core theorem paper: it explains market-count
growth conditional on a distribution of viable residual values, while the main text explains where
those residual values come from.
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